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ON  THE  LIFT  OP  A BLOWING  WINO  IN  A PARALLEL  STREAM 

by  H.B.  Hdlnbold 


agpQrftL.ra3Lat|.<?fljrtUP8 . 


When  a jet  Is  Issued  through  a blowing  slot  In  the 
dovmstreaa  dlreotton  tangentially  to  the  surface  or  at  the 
tralllng-odge  of  the  wing  an  additional  lift  will  result. 

Let  p denote  the  air  density,  b the  span  of  wing  and  jet, 
h the  thickness  of  the  jet  at  the  trailing  edge,  V the 
undisturbed  veloolty,  v the  excess  reloclty  In  the  Jet, 
wj  the  downwash  velocity  of  the  jet  at  Infinity  and  w the 
downwash  velocity  of  the  flow  adjacent  to  the  jet  at 
Infinity.  Purthermore  assume  that  no  mixing  occurs  between 
jet  and  surrounding  flow,  that  thioknesses  are  small  In 
comparison  with  the  span  and  chord  dimensions  of  the  wing 
8C3d  do  not  vary  appreciably  from  trailing  edge  to  infinity 
( appz^xlmately  constant  pressure),  and  that  the  downwash  angle 
at  Infinity  Is  spanwlse  constant  and  small,  l.e. 


£ 

V 


(1) 


Then  the  lift  will  be  equal  to  the  change  of  downward  mom- 
entum flux  Imparted  by  the  co-operation  of  jet  and  wing 

L - pbh(V+v)wj-»-p«^Vw  (2) 

or,  by  eq,  1, 

L « pbh(V-*-v)wj+p*^^J^  ’'j*^I  ■*' 

The  first  term  on  the  right-hand  side  (Lj)  represents  the 
downward  momentum  flux  of  the  jet  Itself  and  the  second  term 
(L(j)  represents  the  lift  produced  by  the  wing  under  the  In- 
fluence of  the  jet.  Physically,  the  two  components  can  be 
distinguished  by  the  fact  that  the  first  term  Implies  only 
transversal  vortices  on  the  jet  surface  whereas  the  second 
term  Implies  only  longitudinal  vortices  on  the  jet  surface 
which  must  be  Closed  by  the  circulation  of  the  wing.  There- 
fore the  terms  Lj  and  Lq  may  be  called  momentum  lift  and 
circulation  lift,  respectively. 


When  Jthe  ..TAlaoitJ  V of  tlie_baftio  flow  vanishes,  the 
lift  produced  by  the  .let  Is  purely  momentum  lift,  in  the  above 
sense,  viz. 

L * Li  * pbhvwj  ■ pbhv^sln  6;  Lq  » 0 


(4) 
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» 


■inoa  w*  » V sin  6,  where  6 denotes  the  angle  between  the  jet 
and  the^'Yanlshlng  velocity  V. 


•q.  1, 


The  downwash  velocity  of  the  Jet  at  Infinity  Is,  by 


^ pb[h(v+Y)+ab^] 


(5) 


I 


When  b -^flo  , 





p.  a b2  iL 
4 v-fv 


~^0,  If  k and  V are  finite.  (6) 
b 


This  means  that  ..tffQ-dlaMalqnfll  XlflH  toff  ,1gV  f InftllJ  .ll, 

turned  in  the  direction  of  the  undisturbed  veloeitv  Y. 


The  ratio  of  momentum  lift  to  olroulatlon  lift  le 
Li 


eJ  * b b ♦ v>*- 


(7) 


when  b-^flo  , 


Lc 


and 


If  h Is  finite, 
b D 


(8) 

(3a) 


In  other  words,  .UW  tWqHUlffBIlgllttlsflQW  lUt  iB  ttUTflly 
olroulatlon  lift,  aooordlng  to  the  above  sense. 


2.  The  two-dimensional  flow  around  a blowing:  wing. 

Sxperlence  shows  that  the  additional  lift  of  a blowing 
wing  Is  oonsldez*ably  higher,  say  times,  than  the  vertiohl 
component 

Ij  » pbh(V+v)^  sin 

of  the  momentum  flux  of  the  Jet  at  the  trailing  edge.  This 
fact  In  Itself  says  that  the  additional  lift  must  be  essentially 
a olroulatlon  lift.  As  oan  be  oonoluded  from  the  above  con- 
siderations a olroulatlon  must  be  produced  by  the  turning  action 
of  the  basic  flow  on  the  Jet.  This  will  now  be  studied  In  detail. 

The  pressuz^e  gradient  bp/^n  normal  to  a ozu*ved  stream- 
line Is  In  equilibrium  with  the  centrifugal  aooeieration  times 

the  density  p or. 


where  q denotes  the  local  velocity  and  r the  radius  of 
ourvature.  Integrating  across  the  thin  sheet  of  Jet  we  get 
as  a first  approxlaatlon  for  the  pressure  Increase  across 
the  Jet 

dpj  « p(V+v)2  ^ . (9) 

Because  the  ourvature  Is  Identical  for  the  Jet  and  the  adjacent 
basic  flow  It  makes  sense  to  compare  this  pressure  Increase  with 
the  pressure  Increase  across  a thin  sheet  of  the  basic  flow  with 
the  same  geometrical  shape.  Neglecting  the  velocity  variation 
In  the  basic  flow  (q  « V)  we  get  as  a first  approximation  to  the 
pressure  Increase  across  an  Identical  streamtube  of  the  basic 
flow 


Ap,  . PV2  H . 


(10) 


Since  really  In  the  8tz*eamtube  under  consideration  the  Jet  Is 
moving  and  not  the  basic  flow,  an  additional  pressure  Increase 
is  produced  by  the  greater  centrifugal  acceleration  of  the  Jet 

Apj  - Ap^  - P [CV+v)2  - v2]^  . (11) 


Pigura  1 

In  other  words,  the  Jet  supports  a pressure  discontinuity  in 
the  basic  flow  (Pig,  l).  if  and  V2  denote  the  basic-flow 

Teloolties  at  opposite  points  of  the  Jet  boundaries,  by 
Bomoulli's  law 

dpj  - Ap^  - P2  - Px  - P » p (VX-V2),  (12) 

a*  M 

sinoe  the  total  pressure  In  the  basic  flow  is  constant.  To  a 
first  approxlaatlon  (Vx  - V24:V), 

Apj-Apa*pV€,  (13) 


whsrt  c ■ ^ ^ivoontlnuity  in  tlta  ▼•loolty  flald 

<M>rr«8pondt  to  the  preaauni  disoontl^ltj  supfportad  tho 
jat*  With  i^eopaot  to  tha  action  of  the  thin  4«t,oh  the  baaio 
flow  the  Jet  oan  be  thought  of  aa  a diaoontihult/  aurfaoe  of 
fvee  tranaverae  Tortioea  with  the  Tortloity  (elreulation  per 
unit  length)  Beoaufie  the  atatie  preaaure  ia  eontinuoua 
through  the  Jet  boundnriea  the  exoeaa  of  total  preaauM  in  the 
jet  ia,  aoooriiing  to  Bernoulli*  a law 

PtJ  •*  Pta  ^ ^Pt  • ^ * (14) 

BiMe  » by  eq  * (Xl), 

hpj  - Ap^  • 2Ap^  & (15) 


and  by  eq.  (13) 

< • siEtb  • 

pW  r 


(16) 


The  Yortioity  < auat  raniah  at  infinity  where  the  Jet  ia 
ooiqpletely  turned  in  the  direction  of  undieturbed  relooity 
and  where  the  radiua  of  currature  haa  beooae  infinite. 


how  let  X and  yi  denote  the  ooordinatea  of  a point 
of  the  Yortez  aheet  c which  aubatitutea  for  the  Jet  and 
aaauae  that  the  alope  dy^/dz  of  the  aheet  ia  aaall  and  of 

firat  order  eYerywhere.  Xn  thia  order  of  apprcxiaation 


' dz* 


and 


h ^ 
dj? 


(17) 


t|Mi  alope  of  the  Yortex  aheet  behind  the  airfoil  (z>o)  ia 
4(eteniined  by  Blot-SaYart*^a  law 


Where  w«(x)  denotea  the  local  downwaah  Telooity,  o the  chord 
length  •'of  the  airfoil  andt^^(z)  the  lifting  wortiolty  within 
the  airfoil  (<l<n4e)»  At  the  airfoil  itaelf  the  flow  'nitat 


3 


fol3,ow  the  slope  djr^dx  of  the  lifting  surf  hoe  (aiz*foil  aeaa 
line): 


i_ 

dx  2tiV 


tUli 

x-x' 


dx'+2 


^Pt 

PV 


lihe  compound  of  the  integral  equations  18  and  19  determines 
the  unknown  distributions  of  lifting  vortloity-  oyer  the  chord 
of  the  airfoil  and  of  free  vortiolty  c dovmstream  of  the  airfoil. 
Sinoe  the  turning  of  the  Jet  by  the  baslo  flow  generally  starts 
right  at  the  trailing  edge,  the  vortiolty  will  not  vanish 
there  c),  except  In  the  case  of  a syametrioal  airfoil  irt.th 
a Jet  blowing  in  the  direction  of  the  axis  of  symmetry  at  sero 
inoidence,  when  no  lift  occurs  at.  all. 


The  futta-Joukowski  theorem  can  be  applied  in  two  ways: 
flrpt.  by  integration  of  the  local  Kutta*^oukowski  forces  along, 
the  ohord 

I p(V4av))r  dx,  (20) 

where  dV  denotes  the  x-oomponent  of  the  disturbance  velocity 
induced  by  the  transverse  vortioes  behind  the  airfoil.  These 
are  situated  below  the  level  of  the  trailing  edge  and  have  the 
same  sense  of  rotation  as  the  lifting  vortices. 

Second,  by  including  the  integral  of  the  free  transversal  vor- 
tlcity  in  the  effective  circulation 

- pvr^-  p»  ^ «“*)  • 

The  expz*e88ions  20  emd  21  must  turn  out  to  be  equal,  but  the 
second  one  will  more  easily  be  computed.  Since  the  second 
integral  must  be  finite  the  vorticity  c must  decay  faster 
than  1/x  with  x tending  to  infinity. 

The  action  of  the  Jet  qn  the  airfoil  is  to  increase 
the  relative  velocity  by  an  aapunt  dU,  to  inoreafe  the  angle 
of  attack  by  an  upwash  da  and  to  protect  the  lift  vprticity 
from  dropping  to  zero  at  trailing  edge,  feth  of  the 
additional  quantities  dV  and  d4  increase  toward  the  trailing 
edge.  ^ 


6 


suiquiE 


phjtloal  problaa  of  the  lift  of  a blowing  wing  In 
a parallel,  otreaa  la  diaouaaea  and  the  integral  equatlona  for 
the  two«41aenslonal  oaae  are  derived,  tn  thle  oaee  no  doM9<*> 
Hath  la  left  at  Infinity  downatreaa  of  the  wing  and  the 
initial  doenwaah  aoaentue  of  the  jet  la  doapletely  uaed  to 
tmild  up  an  additional  olroulatlon*  Baaentliiaiy  tba  jeta  aot 
aa  an  estenalon  of  the  wing  ohond,  ralalng  the  lifting 
Wortlolty  at  the  trailing  adge  to  a finite  poaitlte  aalue. 
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